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Similarity Solutions of the Flow of
Power Law Fluids Near an Accelerating
Plate

Tsuna YeN Na*
University of Michigan, Dearborn, Mich.

Asimilarity analysis is made of the flow of power law fluids
near an accelerating flat plate by the group theoretical
method.® This is a generalization of the works of Stokes,*
Blasius,? and Watson® for Newtonian fluid and Bird! and
Wells® for non-Newtonian fluids.

A semi-infinite body of non-Newtonian fluid is bounded on
one side by a flat plate, at rest initially. At time ¢ = 0, the
plate is set in motion parallel to itself at a velocity of U().
It is desired to find the forms of U(f) for which similarity
solutions exist. The simplified momentum equation can be

written as
ou O [lum1du
—=v (= = 1
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with the following boundary conditions:
y = 0w = U@

where y is the coordinate perpendicular to the plate. Two
cases are possible.

y= owm =70

Case 1l

A one-parameter group of transformation is chosen in the
form
t =A™

y = A®j u = A%g

where o, as, as, and A are constants. Putting these quanti-

ties into Eq. (1), equating the powers of A on both sides, and
defining m = as/a; and b = ay/ay, we get

b=+ ®—-Dm}/(n+1) @

The next step in this method is to find the absolute in-
variant under this transformation group. This can be found
by noticing that

y _ 7
(it =Dml (2 +1) " fll+(@~=Dm](n+1) 3)
u/t" = a/t" 4)
Therefore, the absolute invariants are
n = y/t[1+(n—1)m1/(n+1) (5)
Fn(n) = u/t" (6)

where m is an arbitrary constant. Equations (5) and (6)
are then put into Eq. (1) and the result is

d (ldF /"1 dF, 14+ —1m dF, _
V%(ldn' dn>+ nt1 Ty mIm=0
)

1t is seen that similarity solutions exist if the velocity of the
wall is

U) = ct™ ®
since then the boundary conditions will be reduced to
7’]=O:Fm=01 n:oo;Fm=()

which are independent of ¢.
For n = 1 and m = 0, this reduces to Stokes’ solution*
and Blasius’ first case.? Forn = 1 and m = 1, this reduces
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to Blasius’ second case.? Forn = 1,-but m s 0, this becomes
Watson’s first case.® For m = .0 and arbitrary n, this reduces
to solutions of Bird! and Wells.® All are special cases of the
general form.

Case 2

Another one-parameter group of transformation is chosen
in the form

t =1+ Bib

where 83,, B, 8;, and b are constants. Putting these quantities
into Eq. (1) and equating the powers of ¢® on both sides, we
get

Yy = eﬁzby u = ebdy

Bs =08 — (n+ 1) )]

For the special case of n = 1, Eq. (9) becomes 8. = 0.
The absolute invariant of this group may be found by noticing
that

u/e?t = qfe?? (10)
where p = f;/8;. Therefore, we get
Fply) = u/e™ (11)
By putting Eq. (11) into Eq. (1), we get
(d*Fyp/dy®) — (p/v)Fp = 0 (12)

which is Watson’s second case.?
For n = 1, Eq. (9) becomes

Bs=[(n+1)/(n — 1)]B: (13)

Again, it is seen that
y/ett = g/eﬁ (14)
u/eln+Di(n-11at - a/e[<n+1)/(n—1)]qt (15)

where ¢ = B5/8:,. The absolute invariants of this group are

£ =y/e 16)
G(&) = u/eltrtDitm—1)]a! an
Equations (16) and (17) are then put into Eq. (1) and the re-
sult is
§ (i |l (n41y g
”ds('ds dg)+95 it (n_l LGo =0

(18)

Again, the conclusion is that similarity solutions exist if the
velocity of the wall is

U(t) = Coeltn+)i(n—DI122 19)
since then the boundary conditions will be reduced to
EZOZGq=02 £= °°:Gq=~0

which are independent of ¢.

The two transformation groups have been found to be the
only two forms possible although no rigorous proof has been
available in the literature.3

References

1 Bird, R. B., “Unsteady pseudoplastic flow near a moving
wall,”” Am. Inst. Chem. Engrs. 5, 565 (December 1959).

2 Blastus, H., “Grenzschichten in Flussigkeiten mit kleiner
Reibung,” Z. Math. Phys. 56, 1-37 (1908).

3 Hansen, A. G., Similarity Analysis of Boundary Value Prob-
lems in Engineering (Prentice-Hall, Inc., Englewood Cliffs, N. J.,
1964).

4 Stokes, G. G., “On the effect of the internal friction of fluids
on the motion of pendulum,” Cambridge Phil. Trans. IX, 8-106
(1851).

5 Watson, E. J., “Boundary layer growth,” Proc. Roy. Soc.
(London) A231, 104-116 (1955).

8 Wells, C. 8., Jr., “Unsteady boundary layer flow of a non-
Newtonian fluid on a flat plate,” ATAA J. 2, 951-952 (1964).



